In this paper, we propose to study a class of discrete schistosomiasis models with general incidence function. This model is derived from a continuous schistosomiasis model (in Appl. Math. 4:1682-1693 by using the backward Euler discretization method with step size h = 1. We visit some basic properties of this discrete model and we study the stabilities of the equilibria by constructing some appropriate Lyapunov functional for the endemic equilibrium.
Introduction
Schistosomiasis is also known as bilharzia after Theodor Bilharz, who first identified the parasite in Egypt in . This infection is widespread with a relatively low mortality rate but a high morbidity rate, causing severe debilitating illness. It affects populations where substandard conditions of living are predominant, i.e. poor sanitation, insufficient safe water supply and low standard hygiene being practiced [, ] . Schistosomiasis remains a public health problem in several parts of the world, particularly in Africa, with more than  million people infected and more than  million people living in endemic areas [] . School-age children are most likely to become infected with this silent, destructive disease because it is easily contracted while bathing or swimming in water contaminated with the parasite.
The application of the theory of functional differentials and/or differences in mathematical biology has been developed in the last decades. Many authors have studied the epidemic models, which display the dynamical behavior of the transmission of infected disease. Several mathematical models for schistosomiasis disease have been studied ([, -]) and the references therein). Most of the models deal with continuous modelization.
Nowadays, there is increasing interest and there are increasingly many research results on discrete epidemic models (see [-] . The fact that the epidemiological data are usually collected in discrete time units, such as daily, weekly or monthly, makes the discrete model a natural choice to describe a disease transmission. The result of the discrete model can also be compared with the actual data directly. The discrete model also exhibits a rich dynamical behavior, though it is more complicated than the corresponding continuous model. However, the study of the discrete epidemic models is comparatively poor due to the complicated expression and difficulty in dynamical analysis.
In this paper, we construct a backward difference scheme for a class of continuous-time schistosomiasis models with general nonlinear incidence derived from [] . We study the dynamical properties, especially the global asymptotic stability of the disease-free equilibrium and endemic equilibrium for this discrete model. Firstly, we address the basic properties of the model, such as the positivity and the boundedness of solutions. Further, by constructing discrete type Lyapunov functions and using the theory of stability of difference equations, we establish the global asymptotic stability of the equilibria.
The paper is structured as follows. In Section , we present the discrete mathematical model derived from the continuous one by using backward Euler discretization. In Section , we recall some basic properties of the model. Section  is devoted to the equilibrium analysis; thus, we study the global stability of the disease-free equilibrium and the endemic equilibrium. In Section , we present the numerical simulation and some comments. Finally, in Section , we end the paper by a conclusion.
Discrete mathematical model
In this section, we derive the discrete schistosomiasis mathematical model. In [], Traoré et al. studied the stability of the equilibria of the following deterministic continuous-time schistosomiasis model: f is the infection function of susceptible human due to infected snails; g is the infection function of susceptible snails due to infected human. For the study of system (), it was assumed that functions f and g satisfy the following assumptions.
H: f and g are nonnegative C  functions on the nonnegative orthant.
Remark . Assumption H is a natural assumption which means there is not a new infections when there is not an infectious human or an infectious snail. System () has a disease-free equilibrium,
and an endemic equilibriumĒ = (H s ,H i ,S s ,S i ). Also, the basic reproduction number is
, where
Remark . The basic reproduction number evaluates the average number of new infections generated by a single infected individual in a completely susceptible population.
We can summarize the stability results of the equilibria in [] by the following theorem.
Theorem . ([])
The following statement holds.
Then the endemic equilibriumĒ of () is globally asymptotically stable.
On the other hand, as we said in our introduction, there occur situations such that constructing discrete epidemic models is a more appropriate approach to understand disease transmission dynamics and to evaluate eradication policies because they permit arbitrary time-step units, preserving the basic features of corresponding continuous-time models. Furthermore, this allows for better use of statistical data for numerical simulations due to the reason that the infection data are compiled at discrete given time intervals. In this paper, motivated by the above facts, we propose the following discrete schistosomiasis models with general incidence, which is derived from system () by applying a variation of backward Euler method with a step size h = :
where b h , d h , γ , b s and d s are the same positive constants defined above, similar to the case of continuous-time system ().
The system () always admits a disease-free equilibrium E DFE = (
For the global stability of the endemic equilibrium we make the additional assumption:
Remark . Assumption H can be seen as a technical assumption to have
Also, it permits one to ensure the positivity of the variable H s and S s .
Basic properties
The initial conditions of system () are
Proof Considering the second and the fourth equation of system (), we have
Considering assumption H, we have
So we conclude that H s (p + ) >  and S s (p + ) >  since f , g,H s andS s are positive.
Let H = H i + H s and S = S i + S s , then system () can be written as
with initial conditions
H() >  and S() > . ()

Lemma . Let (H(p), S(p)) be the solutions of system () with the initial conditions ()
.
By the first equation of (), we have H(p + ) > , and by the second equation of (), we have S(p + ) > . Hence, by induction, we prove this lemma.
Lemma . Any solution (H(p), S(p)) of system () with the initial conditions
. Hence, the proof is complete.
is an invariant and attracting domain for system ().
Proof Let E = (H s , H i , S s , S i ) be an equilibrium point of system (). Using the second and the last equations of (), we have
By using system (), let
This implies that the system () has a unique endemic equilibrium pointĒ = (H s ,H i ,S s ,S i ).
Equilibria and analysis
For the stability analysis, we present first the local and global stability of the E DFE and secondly the global stability of the endemic equilibrium with respect to R  . 
Stability of the disease-free equilibrium
If all the eigenvalues σ of matrix A satisfy |σ | > , then all the eigenvalues λ of the matrix A - will satisfy |λ| < .
The linearization of system () at E DFE gives the following characteristic equation:
We can see that all solutions λ of equation () satisfy |λ| > . Indeed, equation () has roots
and the other roots are given by
Let suppose that there exists at least one root λ  = |λ| of equation () such that |λ| < . From the expression of R  , we have
Since R  ≤ , we obtain
so equation () cannot have roots. Hence, E DFE is locally asymptotically stable according to Theorem  in [] . Now, let us analyze the global behavior of the DFE. The global stability of the DFE will be studied using the basic reproduction number R  . We first make the following additional assumption.
Theorem . The disease-free equilibrium is globally asymptotically stable in K whenever
Proof The proof is based on using a comparison theorem [] . By using assumption H, note that the equations of the infected components in system () can be expressed as
Using the fact that all the moduli of the eigenvalues of the matrix B are greater than , it follows that the linearized differential inequality system () is stable whenever R  ≤ . Indeed, we can see that all eigenvalues λ of the matrix B satisfy equation (). By the same reasoning as in the proof of theorem ., we deduce that the moduli of the eigenvalues of the matrix B are greater than  since R  ≤ .
Consequently, by a standard comparison theorem [] , (H i (p), S i (p)) − → (, ) as p − → ∞ for system () and substituting
Stability of the endemic equilibriumĒ
To study the global behavior of this endemic equilibriumĒ, we use the assumption H, which is the discrete version of the one in [].
Lemma . Let ϕ be a C
 function on a set [min{a, b}, max{a, b}] with a, b ∈ R + * and c ∈ R + .
Then
Proof By using the mean value theorem we get ().
Theorem . When γ =  and R  > , the endemic equilibriumĒ is globally asymptotically stable in K .
Proof If we consider the system () when R  > , there exists a unique endemic equilibriumĒ. We now establish the global asymptotic stability of this endemic equilibrium when γ = . Evaluating both sides of () atĒ with γ =  gives
We can see that h : R *
We will study the behavior of the Lyapunov function
We can see that V (p + ) ≥  with equality if and only if
along the solutions of () will be calculated separately and then combined to get the desired quantity
For this purpose, we use Lemma . and we suppose that H s (p) ≤ H s (p + ); the computation is quite the same as H s (p + ) ≤ H s (p). We have
By using Lemma ., we have
and so
Using the first equation of () to replace b h , we have
By adding and subtracting the quantity  + ln(
), we obtain
After that, let us evaluate V si (p + ) -V si (p). We have
Assuming that S i (p) ≤ S i (p + ) and using Lemma ., we get
Since the function h is monotone on each side of point  and is minimized at this point , H implies
Hence, the endemic equilibriumĒ is the only positively invariant set of the system ()
Then, by the Lyapunov theorems on the global asymptotical stability for difference equations [], we see that the endemic equilibriumĒ is globally asymptotically stable. This completes the proof.
Numerical simulation and comments
In this part, we give some results for the discrete and continuous version on the schistosomiasis model (). So we perform the computation work that supports our study. 
Conclusion
In order to investigate the dynamics of infectious diseases, many authors analyzed the local and global stability of equilibria of a class of discrete and continuous epidemic models. In this paper, motivated by the fact that discrete models are more appropriate forms than the continuous ones in order to fit the statistical data concerning infectious diseases, we have studied the discrete forward difference version of a schistosomiasis model with general incidence function. From the results obtained in this paper, we see that the backward difference scheme, that is, the discrete dynamical model (), is obtained with excellent dynamical properties for the step size h =  in the local and global stability of equilibria.
These properties nearly are the same as the corresponding continuous-time model (), but the techniques of the computations are quite different. Therefore, we see that the discrete model () has more plentiful and complex dynamical behaviors than the continuous model (). Is this conclusion still right for any step size h? For future work, we will investigate and try to answer this question.
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